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Abstract

The propagation characteristics of a uniform magneto-
{onic duct of circular cross-section are determined for fre-
quencies higher than. the cyclotron frequency- The ratios (plbs-
me wavelength) / (free space wavelength) and (power flowing in
the plasma) / (power flowing outside) are evaluated and discussed
as a function of the diameter / wavelength ratio and of the
plasma permettivity for the propagation of circularly symme-
trical modes.

The Brillouin diagrams for frequencies higher and lower
than the cyclotron frequency are also derived.
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Intreduction

L 4 /

In Technical Note N.1 we haveltnvestigated electro-
magnetic wave propagation in a magneto-ionic duct, namely in
a cylindrical plasma of circular cross-section in a static
axial magnetic field, assuming signal frequencies lower than
the cyelotron frequency. )

In this Note the same general analysis is <xtended to
the case of signal frequencies higher than the cyclotron fre- .
quency., Here too the discussion 18 based on the general eha-
rasteristie equation and restricted to a2 uniform, non-atten-
uating plasma and to circularly symmetrical modes; the permet-
tivity tensor is cfosen as a constant parameter for each solu-
tion. From these and the previous results we have derived the
Brillouin diagrams relating the guided and the free space phase
constants for a2 given set of plasma frequency and cyclotron
frequency values, These diagrams are similar to those derived
with the so-called quas%-static approximatfon, except for a
few special features, which will be described.
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1) Summery of the previous results

The dielectric constant of a uniform plasma, {n the
absence of agitational or drift motion, placed in a steady-
state magnetic fteld B directed along the positive z(i,1 = 3)
axis, is » tensor //<&// defined by the formula:

where

]
Wb-w
" .
‘s’-t.E’-f.(l___‘:l_’:_ .(')
W

n = electron density
m = electron mass
e = electron charge

v L J

.

From the equations(1), one can easily find the follow-
ing relation anmong g, , %a and &,

L

£, ~(&-1)(8-§) (2)

I£ the plasra is uniform and in steady state conditions
and we take a system of cylindrical orthogonal coordinates
p.P, ¢ where the z axis is parallel to E and with the same
orientation, the Maxwel]l equationé can be solved and the field
equations for the circularly symmetrical modes written
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inside the plasma:

E’ = A‘ -I(Mf/‘) + A; -I(xl.f/‘) ’

Ep = ..j‘i;_".e_ {%[H,% Jupn)+ H,!xf J (xapre) ]+

- falnL T+ AL T xus/R)]f

e r .
Ep= L;L'_ [P2 Tusm) s A 8 Jinse) ] (3)
Hp .. @ 2 (A 2 Jeutie)+ Py 3 J, (npie) ]

’ Hy = js_;_f % [n,%’ T pre)+ H";ZJ' (e r/e) ]

Hi = j;/'?o [- n43‘ ]o(‘f,f/t)‘r €¢£I°‘(X¢f/£)_]

outside the plasma:

E, = B Ko(xp/R) .
; R '
Ep = _j.ig_; = B;; K, (xe i)
Ep = - 2TR ¢ L Ki(xop/R)
f Ao Xo (‘)
He = 2TR % C L K(xap/
b4 o w m efR)

v . He < ‘ji;,f _e', B L Ki(xep/e)
!

""Ié = J:-E;-C-Ko(*of/ﬂ,)

" where:

R-g = radius of the plasma cylinder
o= o - free space to guided wavelenght ratio ( > 1)
Zz

K M@.- free space charscteristic impedance
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" Moreover:

. Xz '%’5 S-'..r-("‘."}z =0, !
ne (5)
2 n
' x - an x,[)‘
o T (
and ’
(8- et) - %3 [ 1 [ &(a-l), J
- 3t ~dxyd+4
b 2, (¢*-1) 2¢, £-8 (M)
Q 3 (‘)
£5, (X=1) -& (£,-%)
3. | « £

If the boundary conditions are imposed,

equations result:

B ¢ Tt + B Tx)

the following

A, Ko (x0)
< _ 38 Toe) +8, B Tolx)
A, - ‘.(Xo)
X(Xo)

A 9. & T+ T BX0)
- N Xy, (k)

T k) + —— —xe) (X
2, & (00 27, 0
A B Kl g0

o [ ]

The last two equations are consistent only if

F‘(x,,s;lis’) = ™ F(x,, Y,/g,)

foglio
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where

: -.LJ; J-/or K, (xo)
F/Xg, g,!,)-_- v .I x.) * H'(YO) - )

& () B

——————

§ 7, (§xo) Ko (xe)

(¢)

1 =\T+ 450w s*
P g+ + a0l re-s) )

For each assumed set ofy s and ¢, values, the variable x, is
the only unknown in (7) and 1t can be determined.

The d/p,velue which corresponds to the assumed o, &,
and é,set is then computed from the equation:

’ a[/)\, - x~,/rr Vi)

shen £ <¢0 and aa" is srnalier than

[ -t
. =(£-8&)  [£+5-25:;+2 Vee, te,-)¢e,-0)

2
the quantities SZL are complex.

In this case we write:

ST: < 151 aep(teio)

9,18l wp(2j?) ©
T. (Taxe) = 45, (I1xo, 8) 2xp[ X Y P1re,0)]
T (Saxe) = &S (151%0,6) exp [TV (1613, ©)]

so that equation (7) can be written as an equation of only
real quantities as follows:
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(9)

S, Ko [t.m[n?w)-(v.’-v,)] , sn[(70rv-0)
O(Xo) tim RVVIN) o

V)]_
L

The parameter x° can thus be computed solving this

last equation. .

It is convenient to divide the entire range of &
and &, values, which may exist according to egs. (1), into

four regions:

D | < & < +00

-c0< &, < |

2) 0<&<!

E,< £y <

» -

* 3) w<E N0
0< £ < |

4) .0<&<v
é|(£3<o

The first region was examined in the Technical Scien-
tific Note N. 1. All the other threes regions satisfy the con-

dition w >, and are examined here,
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2) Propagation in the 0<¢&,<! | & <§<! region

adn this region the angular frequency '}s higher than w,

. A simple discussion of eqs. (6) and (8) shows that
5-:,: and T eare always negative for l<~’(z<vo - Since
+F, 18 then always negative and F, positive (see fig.1), PO
solution exists in this region. The conclusiom {3 that «/
is a cut-of! frequency and no propagation is possible for w> «¢

3) Propagstion in the -o0<&<0, 0< & < region

Here 7™ and &‘are always negative (see fig. 2, 3) and
S-,z positive. The curves of fig. 1 are still valid in this
case ‘and show that an infinite set of Ssolutions exists.In the
frequency range this region correspo’nds to the conditions
W, < W ¢ w, ir wp <, 8Nd W, Cwew, 1l wp>w,.

2
When & spproaches unity, X, tends to zero and d/j,
to one of the values (d/)\,),

{m)

(d/ho), = Lo [ & ]i
m E3(2-1)\f£,(5-1)(8 ;)
where ,(‘M) is the mth. root of Jo

2
when & approaches infinity, ™ tends t. zerou
and the solution tends to cne of the Xo poles of Fz’ namely

w?h : -
to V(b S5 » where &o=‘53/£' and ‘)(M’(“".fs) is

the mth root of the equation

&6 Jlexe)  K(x)

’b-w Jo (5; Xa\ Ko ({a)

loglio 8 di 9
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Consequently d '\,  approaches zero.

The behaviour of X 18 shown in fig. 4 for the special

case 51 = -2, €, = 0.5, while in fig. 5 and 6 we have plotted

- )\3/)\, ,and P /R “versus d/), ( P,énd P, being respectively.

the power flowing inside and outside the plasma).

The very unusual ~haracteristics of this type of pro-
pagation are summarized below:
1) For each mode propagation can take place orily for
values of the d/A, retio between zero and a maximum
(d/do)Z(d/A), which 18 characteristic of that mode.
2) For a given mode, when d/Ne 1s between (d/A),
and  (d/Ao) propagation can take place with two different
As/ko ratios, but their group-velocities sre opposite ir.
sign.
3) The exizl flows of electromagnetic power in the air
and in the plasma have generally opposite direetions., If F;7’3
we have an "average" forward wave, 1f Pp< I3 an "average"
backward wave. The points lebeled "A" in fig. 5, where the group-
velocity is zero, correspond to the points "A" in fig. 6 where
. Pp=‘} , 80 that although some power is really flcwing sep-
arately in the 2ir and in the plasma, the total average flow
{s zero. '
4) The highest ratio Pe/Ps 1s obtained at d/A=0;

at this point the mth mode power ratio is:

o KO&) o Rom S
PeNT BT ROM TS RV
Po /o o 2 K™ “KS (O
\ - U..;"’",_"' - , 2 y[m)
' KO‘M H.(

(m)

LY Propagation in the -00<§ <0 | E < &3<0 region

2 ~ 8
Here in the d:<d <00 range %J i{s are negative
fig.7) and T 18 positive and smaller than unity(fig. 8);
the behaviour of B, . for the general casc €, &0 Is shown

y
v fig, O,
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The curves indicate that iun tnis region only oue X, solution

may exist.

¢

when o approacues infinity, ¥ tends to zero and the X,
. aJ)
solution of tue dispersion equation tends <o by {:)_p,é,) 1!‘1&[45,\
Tne parameter X, increases wnen ® decreases and approacnes in-

finity at o , tne root of tne equation:

16 Lo 1Nl when o« > ¥
& 15l &+ |T;|

2
ITs,_ ntheg_cn(B-0) wnen < < |

13! 3 R Aam¥

Wnen <o, tue Xo solution crosses continuously the e
abscissa and tends to infinity in tne complex region.
Curves ol |F:,9, 4 are plotted in figs. 10 to 12 tor tne spe-
clal case & = -2, é, = - 1,5, .while the X, versus o(tcurve 1.s
given in fig. 1.
wWhen lgo.l > | €] tne curves snow clearly tnat no solution
exists atO(-'oo)tnen we do not expect any solution aisv ai finite
o values, Tne propagation region is thus bounded by the condi-
tion & -&§ =z | and becomes:
- 00 <& L =i
é 3 < g« /e,
In tue trequency domain this corresponds to the range:
w, < w < wc/ﬁ'< Wy
Wnit tne usual formulas tne B/Ao and P, /%, versus d/k curves
can be caiculated; tuey are plotted in figs., 14 and 19, for tne
case: 2, = =2; & = =1,7),
We snali finally note tuat, as in the previous case, tne
power outsiae the plasma flows in a direction opposite
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to that of power inside so that, being generally 8: «<h,
the power flow in the plasma is backwerd although the totsal
power 1is flowing forward.

BRILIOUIN DIAGRAMS

Keepning & and ¢£; as constant parameters in the Max-
wel! equations, it has been possible to solve the dispersion
equation with a straightforward procedure. Brillouin dia-
grams ( P’ff versus «' ) are, gnctead, more difficult to

derive because ¢ and &, are functions of frequency.

In order to obtain from our computed data these dia-

grams, we have to solve the following system:

XQ/AO = J“(J/Ao’él!e‘!)

(10) wl
&' = ( I+ .;“—f N )
= / w,?
Eg S w:" )

k3
Iet us keep constant the ratio Q- {y; and choose all the pairg
4

of & and §; values which satisfy the equation:

A -

(11) .E, . (e - fy (see fig.16)
aq ("“s) -

The first two equations of the system (10) allows us to plot
in the 2md)lzKd versus :nd/\g- B plane & set of curves, &.
being a constant for each curve. Let us find thc intercepts

of these curves:

!

(12) Kd = £ (pd, a,e)

With the struight lines:

fogio 11 4 29
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RECH N Rd « K, d /g

wnich represents tne tnird equation of the above system
(10), K,d being tne plasma density parameter w,d /c -

For given values of the frequency mdebemﬂent para-
meters a and Kpd, these intercepts at different £, values
plotted in the K4 versus ﬁd. plane provide tne Drillouin
diagrams:

(14) . ~ pe = F(Kd Kpd)

The computation nave been pertormed for two a values,
tue first being chosen in tueq» region (a= 2.25), tie second
in thea<! region (a = 0.5). In figs. 17 to 20 we nave plotted
tne curves given’by tne equation (1é) for the first X, solutions
and respectively for the conditions 1) a = 2,25, & 70
11) a = 2,25, §<0; III) a = 0.5, 1V) a = 0.5 & >0 -

Tne Brillouin diagrams, whicn result from tnese and
similar curves for the second X, solutions, are plotted in
figs. 21 to 24,.For eacn case tnree KPd values nave been consi-
dered, namely: 1.5, 3.5, 10.

It is interesting to compare these curves with the corre-
sponding curves obtained by Could and Trivelpiece(_})and ~by Smul -
lin and Cnomey(u)uaing tne so-called quasi-~-static approximation.
These authors uave studied tue more general case of a circular
waveguide partially filled witu plasma; from tneir results tne
ourves Lo be used in our case are easily derived by setting tne
waveguide diameter equal to infinity.

No significant difference is found in the benaviour of

tne Brillouin diagrams in the w<w, region {(Kd< Kg).

It tnis region all tue Kd versus 3d curves start from tne
foglio 12 g
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origin and approacnh asymptotically tue value Kpd
/

or K,ol , whichpver is smaller, except the first solution
mode which, when w, >W, , aporoaches the asymptotic value
(Kpd s Kpd™3" VT
A behaviour, slightly more complicated thnn predicted from
the quasi-static approximétion,is found in-the w > wp
region. Here the curves start from diftferent points of the

Kd=pd line between Kpd “und Vk;d'h’:dl and approach the
asymptotic value ¥4 or K, d , whichever is larger. The sloj..
of these curves may be bositive, neg:tive or partially po- »
sitive and partially negative, 50 thut t.e waves can be
forward or backward. It (s worth ty note that ir the quns!
stztic approximation al!l thes» waves are slways hscbvwerd,

Tne following detaills can be added to the discussed

features in the W >w,region. The 3rillcuin diagrams start-

ing voints on the Kd =3d 1ine are given frcm the simple

reliticon:
Kd = Kpd Y Rrro)®

{ + ¢

1 ! "
where: ¢ = 4,472 %]

Anotner sim:le reisntion can be tound, which allows
us to distinguish betwcen forward and backward wavgs.ig
the W, > wWp region. Let uc observé the behaviour of
the jintercepts which provide the -rillouin diagrams, when
£, increases from zero to unity and Kd varies consequently
from K,4 to infinity. Fi. .17 indicates clearly tihat, when
the intercept voints fall in tie positive & region, taere
i only one intercept for each £ value. In this.case the
Kd versus‘ﬁ(i curve hns cverywhere a vositive slope,
tue 1imit Bd -+ 0o will be attained wien Kd= K,d, Since it nas
to be considered as the intercept with the §-»00 curve,
which is the cnly curve (1.) with an horizontal asymptot
(xa =, \/z_a:m )
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A straitforward discussion tien shows that all the inter-

cept points of a Brillouin curve shall fall in the posi-

tive & region as far as H,d is larger then this asym-
“) 2 /a-1) - ;

potic value ¥, -V22/4-) | This is thus the condition for

forward waves and c:* bpe rewritten in tne form:

PA 2 (m;)é

(Kpd) - (Kpd) >2( >

When this condition is not satisfied, the waves may be

backward or start et low 34 values as forward and change
to backward a1l large /QOL values.

L)
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